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r,  the radius of the capil lary;  L, evaporat ion heat; A, atomic weight; T,  tempera ture ;  R, gas constant; 
, coordinate of the evaporation front; ~, speed of sound; II, porosi ty;  )~, thermal  conductivity; @*(y) = (2 / ' f v )  �9 

cO 

] exp(--z2)dz; v n = v(0). The indices 1 and 2 pertain,  respect ively ,  to the pa ramete r s  of the dry zone and of 
g 

the initial body, 
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A P P L I C A T I O N  O F  T H E  T I K H O N O V  M E T H O D  TO S O L V E  

T H E  I N V E R S E  H E A T - C O N D U C T I O N  P R O B L E M  F O R  A 

M E L T I N G  P L A T E  W I T H  M E L T  E N T R A I N M E N T  

V.  V. L e b e d e v  UDC 526.24.02 

An algori thm is proposed for the solution of the inverse  heat-conduction problem for  a 
melting plate with instantaneous removal  of the liquid phase. 

The inverse  heat-conduction problem for  a domain (plate) with moving boundary reduces to finding the 
law of motion of the melting solid body and two heat fluxes on the plate boundaries on the basis of the known 
tempera tu re  change in two in ter ior  points. The method of solving such a problem,  proposed in one of the 
au thor ' s  papers  [1], is extended in this paper  to the case when the method of success ive  intervals  is inappli-  
cable,  i . e . ,  when ei ther  the depth of the points x 1 and x 2 does not correspond to the magnitude of the t ime in-  
terval  during which the tempe.ratures are  measured  (x~/2/2 > a A T / l  2 or  (l --x2)2/2l 2 > a A r / l  2) or  the mea-  
surement  e r r o r s  are  large It(x1, r) --t(xl,  r)[. Underlying the method proposed is the more  genera l  approach 
to the solution of incor rec t  problems of mathemat ical  physics proposed by Academician A. N. Tikhonov [2, 3]. 

Let us consider  the t empera tu re  field in a plate heated by a heat flux of density ql (T), where the flux den- 
sity q2 (T) emerges  through the opposite face of the plate. 

P r io r  to the beginning of melting (T < Tm) this t empera tu re  field is subject to the heat-conduction equa- 
ti on 

with the boundary conditions 

02t Ot 
~.-Ox 2 = c p - ~ - - -  T , O<~x<~l, O < ' : < T m  (1) 

and the initial condition 

ot I 
- 0 ;  Ix=o = q' 

- -  ~" a atx x=~ = - -  q~ ('0 

(2) 

(3) 

t (x, 0) = ~ ( x )  (4) 
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The  so lu t ion  of (1) with the condi t ions  (2)-(4) can  be r e p r e s e n t e d  in the f o r m  

' i t (x, ~) = co .f G (x, ~, ~) ~ (~) ~ + . 6(x, o, ~--,~) q~ (n) an 
0 0 

- -  .[ 6 ( x ,  l ,  x - -  n )  qz 01) d~l, 
0 

(5) 

w h e r e  G(x,  ~, T) i s  G r e e n ' s  func t ion  

1 1 exp [ (x + ~)z 1 

+exp[ .  (2nl--x'4-~)a][(2nl+x+g)z]]}4a,c + exp -:- " 4aT ' (6) 

a = X/cp i s  the  t h e r m a l  d i f fus iv i ty  of the  p l a t e .  

I f  the  b e h a v i o r  of the t e m p e r a t u r e  with t i m e  is  m e a s u r e d  at  two poin ts  of the  p la te  x = x 1 and x = x 2 
with the  i nev i t ab l e  e x p e r i m e n t a l  e r r o r ,  then  the  hea t  f luxes  ql (r) and q2(T) can  be d e t e r m i n e d  f r o m  equa -  
t i ons  of  the  type  (5) by us ing  the  m e a s u r e d  v a l u e s  t (x~,  T) and ~ (x 2, T). 

An i n t e g r a l  o p e r a t o r  t r a n s f o r m  ac t ing  on the hea t  f lux q(T) in a s y m m e t r i c  i n t e g r a l  o p e r a t o r  is  used  
in  the  T ikhonov  m e t h o d .  Hence ,  we r e d u c e  the  s y s t e m  of equa t ions  (5) f o r  x = x 1 and x = x 2 to a f o r m  p e r -  
mi t t i ng  execu t ion  of a s i m i l a r  t r a n s f o r m .  F o r  th is  p u r p o s e ,  we _per f~  a_Laplace  t r a n s f o r m  of the  s y s -  
t e m  (5) f o r  the  po in t s  x = x 1 and x = x z, we e x t r a c t  the m e m b e r s  ql(P) and q2(P) by mul t ip ly ing  both s ides  
of the  equa t ion  by cpkq-P7~,  and we i n v e r t  the  L a p l a c e  t r a n s f o r m s  

i X [ ( [(2n-1)l-Ax]2~ 
Vz~a (~ - -  n) , ,=o 

0 

4a (x - -  ~l) 

• exp ( 

= E -  j f/=~ ( , -  n)'- 
0 n=O 

t(2n+l)l_~,]~ t [(2. + 1)~ + x~l~ 

[(2n ,-F 1) l - -  xl]Z~ --t(xv,l)[[(2n+l)l--xllexp( 4 a ( ; - - ~  / 

I(2n + ~)~ + ~.lz~ l + I ( 2 . + ! ) , + x . , e x p ( - - ; - & i ; - - ~ )  'J} 

co ~P (~) exp - -  
2- l / ~ - ~  = , 4a~ 

+ e x p ( [ ( 2 n + l ) l - - A x + { l Z ) - - e x p ( - [ ( 2 n + l ) / + A ~ : - ~ - l z )  
,-- 4ax 4a'~ 

- - e x p (  [(2n+t)l+hx+~]2)] _ _  d ~  

4aT 

i ) cp r exp - -  [ (2n+ 1)l--x2--x~-q- ~12 
- -  - 2 - -  ] / - ~ d ~ "  n = 0  4a~ 

xl 
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q-exP [(2n+l)l--hx-b~-]z)--exP( -[(2n+l)l+hx-~]z ] 4 a x  4a'r 

cp 

- - exp ( - -  [(2n+l)l+x, Z4a~ - ~ X l - - ~ ] 2  .)Ida, 

T 

, t 'Vn~(~--11) Z exp --  4a0:--rl) 
0 n=0  

2 
0 

_oxp( d : 4o 

�9 I / a a  (-r - -  rl) 3 = 4 a  (-r - -  rl) 

( ,/2n+2,Z_Xl,2)] 
+ [(2n +2) l -- xxl exp 4a (-r --  ~q) 

(2nl + xz)Z I --t(x,, T1)[(2nl+x2)exp( ~-~-----~ ) +[(2n + 2) l 

l ** 

_xz]exp (_ [(2n+2)l-- co ~(p(~) ( 4a-~ 
X2 n ~ O  

§ exp ( [(2n + 2)l--Ax--~]z]--exp( (2nl ,-b_Axq-~) z] 
4at ) 4ax i 

- - e x p ( - - [ ( 2 n + 2 ) l §  d ~ 4 a z  

co ~'" 2 [  ( (2nl-" xz-~ xl-~)z ) 7---- j r exp --  
2 l~ aa'r 4ax 

r i co  
Xt 

+exp(-- [(2n--2)l--Ax--~:]z)( (2nl-~-Ax+~)2)4av ~ - -  exp 4a'~ 

(7) 

- -  exp ( - -  [(2n -k- 2) l -- AX -- ~]z 
4a'r ) ] a ~ ,  ( 8 )  

where ~x = x 2 --x I . 

Substituting the tempera tures  t (xl, r) and t (x2, r),  "perturbed" by e r r o r s  into the sys tem (7), (8) 
instead of t(x 1, r) and t(x~, r) as well as the approximate distribution ~ (x) in place of the exact value, we 
obtain a sys tem of approximate integral  equations whose solution can be executed by the Tikhonov method 
under the conditions 

Oq~ (0)= .Oq~ (0)=0. 
Ox Ox 

After the beginning of the melting, the plate thickness which was initially equal to l ,  diminishes 
continuously because of entrainment of the melt by the incoming gas s t ream.  Hence, the temperature  
field in the plate from the beginning of the melting ~ = r m will a lready not satisfy the expression (5). This 
field should sat isfy the heat-conduction equation 

with the boundary conditions 

02t (x ,  "r) 1 Ot (x, z) 
= - -  �9 s (,r) ~< x ~< t, (9 )  

O x  2 a O'r ' 

- -  = q l  ('r) - - p L  ds 
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--~" OxOt ~=,= _q2(~) ' (11) 

tIs(~), ~l --Tin, (12) 

s (Xm) = O. (13) 

Here  L is  the  spec i f i c  heat  of m e l t i ng  and s @) is the law of mot ion  fo r  the mel t ing  body s u r f a c e .  

As is  known,  the  p r o b l e m  (9)-{13) is  non l inea r  and i ts  ana ly t ic  solut ion in g e n e r a l  f o r m  is i m p o s s i b l e .  
The a p p r o x i m a t e  n u m e r i c a l  so lu t ion  of  both  the d i r e c t  and i n v e r s e  p r o b l e m s  can be obtained as  follows [1, 

3-51. 
We men ta l l y  cont inue the  me l t ing  plate  to  i ts  in i t ia l  d imens ions  l .  The solut ion of the h e a t - c o n d u c -  

t ion equat ion (1), cont inued in to  the domain  [0, sf f ) ]  will  not sa t i s fy  condi t ions  (2) and (3) s ince  pa r t  of the 
e n e r g y  b rought  to  a p la te  of  t h i cknes s  l by the heat  f lux would be abso rbed  by the subs tance  in the sec t ion  
[0, s(r)]  whi le  the  heat  f lux going to the  boundary  s(r)  would have a dens i ty  l e s s  than ql(T). 

Let  us  i n t roduce  an e f fec t ive  t h e r m a l  f lux dens i ty  Qi tv): 

Q, (T) = q~ (~) + q~ (~), (14) 

where  q l f  if) is  s o m e  f ic t i t ious  f lux,  "the heat  b rought  which is  abso rbed  in the domain  [0, S(T)]. " 

By us ing  the ef fec t ive  f lux QI(T), the  t e m p e r a t u r e  f ield of the plate  can be r e p r e s e n t e d  in the f o r m  
(5), (7), and (8) a f t e r  the beginning of me l t ing  with mel t  en t r a inmen t ,  where  ins tead  of ql (r) we should sub -  

s t i tu te  Qt (~), whe re  

q, (T) for Z<T m, (15) 
Q,(~) 

qi (x) + q~, ('0 for x > Tin. 

On the basis of the temperature values t(xl, T) and t(x2, r), where x i > s(r), the integral equations (7) and 
(8) can be solved for the fluxes QI (r) and q2(r) by the method of regularization. 

Let us rise (5) with condition (12) to determine the law of motion of the melting surface: 

l ~ I ~ '~ 
T m = cp .[ G Is (T), ~, x] (p (~)dg T.} G Is (x), 0, �9 - -  ~ll Q~ (n) d+t - -  .[ G [s (~), l, x - -  ~l] q2 (+]) d~l. (16) 

0 o 0 

The G r e e n ' s  funct ions  in (16) a r e  d e t e r m i n e d  by i t e ra t ing  (6) 

O6 ~-sNS(?}' i o~ I _ _  G Is~_.,  ~, "q ~- G Is,,,, ~, ~1 + -~x ( ~,,-, - s~,) - ox--- V ],=s~ 
S(0) __ SN)2 N+, (17) 

O6 

= N + I  

(is) 

e t c . ,  where  s N = S(TN), s(0) = 0, T N = NAT a r e  m e a s u r e d  f r o m  the t ime  of the beginning of mel t ing  T m,  
AT is  the  spac ing  of the  d i f f e r ence  m e s h  which is  used to  d e t e r m i n e  the heat  f luxes  Q1(T) and q2(T). 

The t r u e  heat  flux with d e n s i t y  qt (z), which  e n t e r s  the plate  t h rough  the  mel t ing  s u r f a c e ,  is d e t e r m i n e d  
f r o m  the  Stefan condi t ion (10) in which the r a t e  of d i s p l a c e m e n t  of the  mel t ing  s u r f a c e  is r ep l aced  by the 

d i f f e r ence  analog  l 

ql (X,v+t) = pL s'v+' - -  sN )wp j' OG A-~ ~ (s~+,. ~, "0 ~ (b d~ 
0 

; OG ; OG l, ~__n) q2(~)d~. (19) - ~ ~ (s~+,, 0, ~ -  n) Q,(n) an + ~ ~ {s~+,, 
0 0 
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This a lgor i thm to solve the i nve r s e  p rob lem is  s i m p l e r  than that  proposed in [7] which uses  the t h e r m a l  
potential .  Ext rac t ion  of the m o s t  awkward opera t ions  fo r  de te rmin ing  the heat f luxes through the boundary of 
the ini t ial  domain {the t rue  q2 and effect ive  Q1) f r o m  i t e ra t ive ly  finding the boundary location is achieved t h e r e -  
in. Not used the re in  is the l i nea r - f r ac t i ona l  t r an s fo rma t ion  of the var iab le  s ize  of the domain into a con-  
s tan t ,  which r e su l t s  in nonuniformity of the mesh .  

However ,  the method proposed  r e l i e s  on an in tegra l  f o rm of the solution of the heat-conduct ion equation 
(with G r e e n ' s  functions) and cannot be ca r r i ed  over  to the nonl inear  case .  In the not~linear case  [X = )~{t), cp = 
c(t)p (t)] the a lgor i thm proposed by Alifanov in l a t e r  pape r s  [8] should be used.  

N O T A T I O N  

t(x,  T), t rue  t e m p e r a t u r e  at the point x of the plate at the t ime  r;  t (x  i, v),  t e m p e r a t u r e  m e a s u r e d  at the 
point x i (i = 1, 2) at the t ime  ~; X, c,  p,  t h e r m a l  conductivity,  spec i f ic  heat ,  and densi ty of the plate ma te r i a l ;  
l ,  plate th ickness ;  xl ,  x2, i n t e r io r  points of the plate;  qi(T), heat flux densi ty  through the plate sur face ;  G(x, 
~, r ,  ~}, G r e e n ' s  function; Tm,  melt ing point; r m ,  t ime  of the beginning of plate melt ing;  L,  specif ic  heat of 
melt ing;  s(7), law of motion of the mel ted plate sur face ;  q l f ,  Q l f ,  dens i t ies  of the "f ic t i t ious"  and "effect ive"  
f luxes (auxiliary quantit ies);  AT, d i f ference  mesh  s p a c i n g ; N ,  ~pacing number .  
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D I R E C T  A N D  I N V E R S E  H E A T - C O N D U C T I O N  

P R O B L E M S  IN A M O R E  C O M P L E T E  F O R M U L A T I O N  

N.  V .  S h u m a k o v  a n d  A .  A .  R o s t o v t s e v a  UDC 536.2 

Di rec t  and inve r se  heat-conduct ion p rob l ems  a r e  fo rmula ted  and solved for  the a s y m m e t r i c  
cooling of an infinite plate with nonuniformly d is t r ibuted  and asynchronously  act ing sources  
in the case  of an inhomogeneous init ial  d is t r ibut ion.  

In e l ec t r i c a l  engineer ing,  it is impor tan t  to ensure  that  powerful  e l ec t r i ca l  mo to r s  and g e n e r a t o r s  will 
conform to the specif ied t h e r m a l  operat ing condit ions.  In e l ec t ron ic s ,  the const ruct ion and use  of s e m i -  
conductor  devices  ranging f rom powerful  diodes to m i c r o c i r c u i t s  a l so  involves the opt imizat ion of t e m p e r a t u r e  
conditions of operat ion.  

F r o m  a t he rmophys i ca l  point of view,  this p rob lem r equ i r e s  the development  of expe r imen ta l  and t h eo re t -  
ical  methods of invest igat ing the t e m p e r a t u r e  in the cooling of a solid with in te rna l  s o u r c e s .  In e l ec t r i ca l  
machines  the appea rance  of heat sou rces  is due to Jou le -hea t  l o s s e s ,  r emagne t iza t ion  and eddy cu r r en t s  in 
magnet ic  and conducting pa r t s  of the machine ,  f r ic t ion in the rota t ing p a r t s ,  and lo s ses  in the c i rcula t ion of the 
coolant gas .  In s emiconduc to r s ,  heat l iberat ion is  due to Joule l o s ses  and the Pe l t i e r  effect .  Despi te  t he i r  
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